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Abstract
We establish here some inequalities between distances of pointwise bounded subsets H of RX to the space of real-valued
continuous functions C(X) that allow us to examine the quantitative difference between (pointwise) countable compactness and
compactness of H relative to C(X). We prove, amongst other things, that if X is a countably K-determined space the worst
distance of the pointwise closure H of H to C(X) is at most 5 times the worst distance of the sets of cluster points of sequences
in H to C(X): here distance refers to the metric of uniform convergence in RX . We study the quantitative behavior of sequences
in H approximating points in H . As a particular case we obtain the results known about angelicity for these Cp(X) spaces obtained
by Orihuela. We indeed prove our results for spaces C(X,Z) (hence for Banach-valued functions) and we give examples that show
when our estimates are sharp.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
The type of problems that we study in this paper are illustrated in Fig. 1. Take X a topological space and let C(X)
be the space of real-valued continuous functions defined on X. Now consider C(X) ⊂RX as Fig. 1 shows and let d be
the metric of uniform convergence on RX . In order to fix ideas we start with a pointwise bounded set H ⊂ C(X) (a bit
later we will allow H to be a subset of RX as in Fig. 1): if τp is the topology of pointwise convergence on RX , then
Tychonoff’s theorem says that HRX is τp-compact. Therefore in order for H to be τp-relatively compact in C(X) the
only thing we must worry about is to have HRX ⊂ C(X). Notice that if dˆ is the worst distance from HRX to C(X),
then dˆ = 0 if and only if HRX ⊂ C(X) if and only if H is τp-relatively compact in C(X). In general dˆ  0 gives us a
measure of non-τp-compactness for H relative to C(X). Hence the question is:
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(A) for which kind of spaces X can we theoretically compute dˆ?
and moreover
(B) are there useful estimates for dˆ that are equivalent to qualitative properties of the sets H ’s?
Here is a simplified case in the framework of (B) that we picture in Fig. 1: take a pointwise bounded set H ⊂ RX
and let Hc be the set of those elements in HRX that are cluster points of sequences in H (Hc is likely to be strictly
smaller than HRX ). If ρˆ is the worst distance from Hc to C(X), the inclusion Hc ⊂ HRX clearly implies ρˆ  dˆ . We
study the existence of a universal constant M such that for all pointwise bounded sets H ⊂RX we have that dˆ Mρˆ.
We succeed by finding that this constant can be taken as M = 2 if X = K is a compact space and the sets H are taken
uniformly bounded and seated inside C(K). More generally, for the very general class of countably K-determined
spaces X (for topologists the class of Lindelöf Σ -spaces X) we prove that the universal constant can be taken as
M = 5. The inequality
ρˆ  dˆ  5ρˆ, (1.1)
somehow quantifies the fact that τp-relatively countably compact and τp-relatively compact subsets of C(X) are the
same. To properly say so we prove in Theorem 3.2 an inequality sharper than (1.1) (when reading this theorem notice
that ck(H)  ρˆ) that really says about the quantitative difference between countable compactness and compactness
for these (C(X), τp) spaces.
An answer to question (A) can be given using the result below:
Theorem 1.1. (See [4, Proposition 1.18].) Let X be a normal space. If f ∈RX , then
d
(
f,C(X)
)= 1
2
osc(f )
where osc(f ) = supx∈X osc(f, x) and
osc(f, x) := inf
U
{
sup
y,z∈U
∣∣f (y)− f (z)∣∣: U ⊂ X open, x ∈ U}.
In the cited reference, the theorem is stated under more restrictive conditions: X is paracompact and f is uniformly
bounded on X. A careful reading of the proof in the reference should be enough to convince the reader that the
uniform boundedness of f is not needed and that paracompactness can be replaced by X being normal if one takes
into account [6, Exercise 1.7.5(b)].
This paper is organized as follows. Section 2 is devoted to establishing the already introduced inequalities for
spaces C(K), K compact, and bounded sets H ⊂ C(K), see Theorem 2.3: here we use techniques about distances to
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and the second named author. In Example 2.4 it is shown that the constants involved in Theorem 2.3 are sharp.
In Section 3 we get rid of the constraints imposed in Theorem 2.3, namely: besides extending the results from
compact spaces K to countably K-determined topological space X, we deal with pointwise bounded sets H ⊂ RX
instead of uniformly bounded sets made up of continuous functions, see Theorems 3.1 and 3.2. To do so we have to
prove a technical result for ZX extending Proposition 2.2 to the case when (Z,d) is only assumed to be separable
instead of compact and when the ε-interchanging of limits with the whole X is replaced by ε-interchanging of limits
with some distinguished subsets of X: see Lemmas 1–3. We note that all our results in this section are established
for spaces C(X,Z) with X countably K-determined and (Z,d) metric and separable. We prove that our results here
do imply the main result obtained by Orihuela in [12]. The paper ends up by showing that if X is a normal space
with countable tightness (in particular metric space), then the constants involved in the proved inequalities can be
sharpened, see Proposition 3.5 and Corollary 3.6.
A bit of terminology
By letters T ,X,Y, . . . we denote here sets or completely regular topological spaces, (Z,d) is a metric space (Z if
d is tacitly assumed); R is considered as a metric space endowed with the metric associated to | · |. The space ZX is
equipped with the product topology τp . In ZX we also consider the standard supremum metric, that abusively is also
denoted by d and that we allow to take the value +∞, i.e.,
d(f,g) = sup{d(f (x), g(x)): x ∈ X}
for functions f,g : X → Z: we could have replaced the original metric in (Z,d) by a bounded one without changing
the uniform structure of Z and thus providing us with a real uniform metric on ZX ; nonetheless we rather prefer to
use the original metric of (Z,d) and then deal with the usual arithmetic with +∞ and real numbers when needed.
C(X,Z) is the space of continuous maps from X into Z: C(X) is the space of real-valued continuous functions and
Cb(X) stands for the subspace of C(X) made up of uniformly bounded functions. With symbols Cp(X,Z), and their
like, we denote the space C(X,Z) endowed with the topology induced by τp .
For A and B non-empty subsets of a metric space (Z,d), we consider the usual distance between A and B given
by
d(A,B) = inf{d(a, b): a ∈ A, b ∈ B},
and the Hausdorff non-symmetrized distance from A to B defined by
dˆ(A,B) = sup{d(a,B): a ∈ A}.
2. The result for C(K) and sharpness of the constants
The notion below introduced in [5] was first considered by Grothendieck in [9], for ε = 0. For ε  0, this concept
has also been used, in the framework of Banach spaces, in [3,7,11] amongst others.
Definition 1. Let (Z,d) be a metric space, X be a set and ε  0.
(i) We say that a sequence (fm)m in ZX ε-interchanges limits with a sequence (xn)n in X if
d
(
lim
n
lim
m
fm(xn), lim
m
lim
n
fm(xn)
)
 ε
whenever all limits involved do exist.
(ii) We say that a subset H of ZX ε-interchanges limits with a subset A of X, if each sequence in H ε-interchanges
limits with each sequence in A. When ε = 0 we simply say that H interchanges limits with A.
The following two results appeared in [5]:
Proposition 2.1. (See [5, Corollary 2.6].) Let X be a topological space and let H be a uniformly bounded subset
of Cb(X). The following properties hold:
482 C. Angosto, B. Cascales / J. Math. Anal. Appl. 343 (2008) 479–491(i) if X is normal and H ε-interchanges limits with X, then
dˆ
(
HR
X
,Cb(X)
)
 ε;
(ii) if X is countably compact and dˆ(HRX,Cb(X)) ε, then H 2ε-interchanges limits with X.
Proposition 2.2. (See [5, Proposition 5.2].) Let (Z,d) be a compact metric space, K be a set, and H ⊂ ZK be a set
which ε-interchanges limits with K . Then for any f ∈ HZK , there is a sequence (fn)n in H such that
sup
x∈K
d
(
g(x), f (x)
)
 ε
for any cluster point g of (fn) in ZK .
Let T be a topological space. For a subset A of T , AN is considered as the set of all sequences in A and the set of
all cluster points in T of a sequence ϕ ∈ AN is denoted by clustT (ϕ). Recall that clustT (ϕ) is a closed subset of T and
it can be expressed as
clustT (ϕ) =
⋂
n∈N
{
ϕ(m): m> n
}
.
Combining the above two results we can prove now the result below.
Theorem 2.3. Let K be a compact topological space and let H be a uniformly bounded subset of C(K). If we define
ck(H) := sup
ϕ∈HN
d
(
clustRK (ϕ),C(K)
)
then
ck(H) dˆ
(
HR
K
,C(K)
)
 2 ck(H), (2.1)
and for any f ∈ HRK , there is a sequence (fn)n in H such that
sup
x∈K
∣∣g(x)− f (x)∣∣ 2 ck(H) (2.2)
for any cluster point g of (fn) in RK .
Proof. The first inequality in (2.1) straightforwardly follows from the definitions involved. We prove now that H
2 ck(H)-interchanges limits with K . Indeed, let (fm)m be a sequence in H and (xn)n a sequence in K and let us
assume that both iterated limits
lim
n
lim
m
fm(xn), lim
m
lim
n
fm(xn)
exist in R. If we fix α ∈ R with α > ck(H) the sequence (fm)m has a τp-cluster point f ∈ RK such that
d(f,C(K)) < α. Take and fix now f ′ ∈ C(K) such that
sup
x∈K
∣∣f (x)− f ′(x)∣∣< α. (2.3)
Let us pick x ∈ K a cluster point of (xn)n. Since f ′ and each fm are continuous f ′(x) and fm(x) are, respectively,
cluster points in R of (f ′(xn))n and (fm(xn))n. Hence we can produce a subsequence (xnk )k of (xn)n such that
limk f ′(xnk ) = f ′(x). Thus we have that∣∣∣lim
k
f (xnk )− f (x)
∣∣∣ ∣∣∣lim
k
f (xnk )− lim
k
f ′(xnk )
∣∣∣+ ∣∣f ′(x)− f (x)∣∣ (2.3) 2α. (2.4)
We conclude that
lim limfm(xn) = limfm(x) = f (x)
m n m
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∣∣∣lim
n
lim
m
fm(xn)− lim
m
lim
n
fm(xn)
∣∣∣= ∣∣∣lim
n
lim
m
fm(xn)− f (x)
∣∣∣= ∣∣∣lim
k
f (xnk )− f (x)
∣∣∣ (2.4) 2α.
Now, the second inequality in (2.1) follows from Proposition 2.1 and (2.2) follows from Proposition 2.2. The proof is
over. 
Recall that a subset M of a topological space T is said to be relatively compact (respectively relatively count-
ably compact) if M ⊂ T is compact (respectively every sequence in M has a cluster point in T ). Observe that if H
is relatively countably compact in Cp(K), then ck(H) = 0 and that a pointwise bounded set H is relatively com-
pact in Cp(K) if and only if dˆ(HR
K
,C(K)) = 0. Theorem 2.3 says about approximation of points in the pointwise
closure of H by sequences from H and about the quantitative difference between τp-countable compactness and
τp-compactness of H relative to C(K).
Example 2.4. The following example communicated to us by Professor Marciszewski shows that the constant 2 in the
inequality (2.1) in Theorem 2.3 cannot be improved. Consider [0,ω1] the compact set of all the ordinals smaller or
equal to the first non-countable ordinal ω1. Put
K = ({−1,1} × [0,ω1])/R
where R is the relation defined as xRy if and only if
x = y or x, y ∈ {(−1,ω1), (1,ω1)}.
Clearly K is a compact set. For α ≺ ω1 define fα : K →R as
fα(i, γ ) =
{0 if γ 	 α,
i if γ  α,
and put H = {fα: α ≺ ω1} ⊂ C(K). If (fαn)n is a sequence in H and α := sup{αn: n ∈ N}, then α ≺ ω1 and
fαn(i, β) = 0 for all n ∈ N and β 	 α. So for every β 	 α we have that g(i, β) = 0 for each cluster point g of (fαn)n.
If we define h : K →R as h(i, β) = 0 if β 	 α and h(i, β) = i/2 if β  α, then h ∈ C(K) and d(h,g) 1/2 for each
cluster point g of (fαn)n. Thus we conclude that ck(H)  1/2. On the other hand, the function h′ : K → R defined
as h′(i, β) = 0 if β = ω1 and h′(i, β) = i if β 
= ω1 belongs to HRK and clearly osc(h′) = 2 = 2d(h′,C(K)), see
Theorem 1.1. Then
dˆ
(
HR
K
,C(K)
)
 d
(
h′,C(K)
)= 1 2 ck(H)
and therefore by Theorem 2.3 d(HRK ,C(K)) = 2 ck(H).
3. Approximation by sequences in Cp(X)
In this section we provide several lemmata leading to Theorem 3.1, that is a fairly general result of approximation
by sequences, and to Theorem 3.2, whose inequalities say about the quantitative difference between countable com-
pactness and compactness in the spaces Cp(X,Z) considered. Here we will present our results in its more general
scope extending ideas from [12].
If X is a topological space, (Z,d) is a metric space and H is a relatively compact subset of the space (ZX, τp) we
define
ck(H) := sup
ϕ∈HN
d
(
clustZK (ϕ),C(X,Z)
)
. (3.1)
Note that Tychonoff’s theorem implies that in (ZX, τp) each relatively countably compact set is relatively compact.
Lemma 1. Let X be a topological space, (Z,d) be a metric space and H be a relatively compact subset of the space
(ZX, τp). If we define
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then H 2ε-interchanges limits with relatively countably compact subsets of X.
Proof. The proof goes like the one in Theorem 2.3 but with some further precautions: in order to avoid a possible
confusion of the reader we repeat some of the arguments already presented. We only have to take care of the case
ε < +∞. Let (fm)m be a sequence in H and (xn)n a sequence in a relatively countably compact subset of X and let
us assume that both iterated limits
lim
n
lim
m
fm(xn), lim
m
lim
n
fm(xn)
exist. If we fix α ∈ R with α > ck(H), then the sequence (fm)m has a τp-cluster point f ∈ ZX such that
d(f,C(X,Z)) < α. We observe that
lim
n
lim
m
fm(xn) = lim
n
f (xn). (3.2)
Take and fix now f ′ ∈ C(X,Z) such that
d(f,f ′) < α. (3.3)
On the other hand, if we fix β ∈R with β > dˆ(H,C(X,Z)), then for every m ∈N there is f ′m ∈ C(X,Z) such that
d
(
fm,f
′
m
)
< β. (3.4)
Let us fix now x ∈ X a cluster point of (xn)n. Since f ′ and each f ′m are continuous f ′(x) and f ′m(x) are, respectively,
cluster points of (f ′(xn))n and (f ′m(xn))n in the metric space (Z,d); hence we can produce a subsequence (xnk )k
of (xn)n such that limk f ′(xnk ) = f ′(x) and limk f ′m(xnk ) = f ′m(x) for every m ∈N. Thus we have that
d
(
lim
k
f (xnk ), f (x)
)
 d
(
lim
k
f (xnk ), lim
k
f ′(xnk )
)
+ d(f ′(x), f (x)) (3.3) 2α (3.5)
and that
d
(
lim
k
fm(xnk ), fm(x)
)
 d
(
lim
k
fm(xnk ), lim
k
f ′m(xnk )
)
+ d(f ′m(x), fm(x)) (3.4) 2β. (3.6)
We take now a subsequence (fmj )j of (fm)m such that f (x) = limj fmj (x) and we conclude that
d
(
lim
m
lim
n
fm(xn), f (x)
)
= d
(
lim
j
lim
k
fmj (xnk ), lim
j
fmj (x)
) (3.6)
 2β
and
d
(
lim
n
lim
m
fm(xn), f (x)
)
(3.2)= d
(
lim
k
f (xnk ), f (x)
) (3.5)
 2α.
The last two inequalities imply that
d
(
lim
n
lim
m
fm(xn), lim
m
lim
n
fm(xn)
)
 2ε,
and the proof is over. 
Next easy lemma will be used repeatedly in the proof of Lemma 3.
Lemma 2. Suppose that (Z,d) is a separable metric space and let X be a set. Given functions f1, . . . , fn ∈ ZX and
D ⊂ X there is a countable subset L ⊂ D such that for every x ∈ D
inf
y∈L max1kn
d
(
fk(y), fk(x)
)= 0.
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d∞
(
(tk), (sk)
) := sup
1kn
d(tk, sk),
(tk), (sk) ∈ Zn, defines the product topology of the space Zn. (Zn, d∞) is a separable metric space and consequently
its subspace
H = {(f1(x), f2(x), . . . , fn(x)): x ∈ D}
is separable too. Thus, for some countable set L ⊂ D we have H ⊂ GZn where
G := {(f1(y), f2(y), . . . , fn(y)): y ∈ L}.
In other words, for each x ∈ D we have(
f1(x), f2(x), . . . , fn(x)
) ∈ GZn,
that precisely means
0 = inf
g∈Gd∞
(
g,
(
f1(x), . . . , fn(x)
))= inf
y∈L max1kn
d
(
fk(y), fk(x)
)
. 
Let NN be the space of all sequences of positive integers and let N(N) be the set of all finite sequences of positive
integers. As a topological space NN always carries its product topology τp of the discrete spaces N. We use the
following conventions: if α = (a1, a2, . . .) ∈ NN and if n ∈ N, then α|n := (a1, a2, . . . , an). Let Σ be a subset of NN:
we denote by F(Σ) the subset of the set of finite sequences of positive integers N(N) defined by
F(Σ) = {(a1, a2, . . . , an) ∈N(N): there exists α ∈ Σ, α|n = (a1, a2, . . . , an)}.
Let {Aα: α ∈ Σ} be a family of non-void subsets of the set X. Given α = (a1, a2, . . .) ∈ Σ and n ∈N we write
Cα|n =
⋃
{Aβ : β ∈ Σ and β|n = α|n}.
As usual, for a given set C ⊂ X and a sequence (xn)n in X we say that (xn)n is eventually in C if there is m ∈ N
such that xn ∈ C for nm.
Lemma 3. Let (Z,d) be a separable metric space, X be a set and H be a subset of the space (ZX, τp) and ε  0. We
assume that
(i) there are Σ ⊂NN and a family {Aα: α ∈ Σ} of non-void subsets of the set X such that X =⋃{Aα: α ∈ Σ};
(ii) for every α = (a1, a2, . . .) ∈ Σ the set H ε-interchanges limits in Z with every sequence (xn)n in X that is
eventually in each set Cα|m, m ∈N.
Then for any f ∈ HZX there exists a sequence (fn)n∈N in H such that
sup
x∈X
d
(
g(x), f (x)
)
 ε
for any cluster point g of (fn)n∈N in ZX .
Proof. Define f0 := f . Since F(Σ) is countable and infinite there is a bijection ϕ : N → F(Σ). We define Dn :=
Cϕ(n) for each n ∈ N. We claim that there are a sequence of functions f0, f1, . . . , fn, . . . and a sequence of sets
L1,L2, . . . ,Ln, . . . with the properties:
(a) Ln = {ln1 , ln2 , . . . , lnm, . . .} is a countable subset of Dn for every n ∈N;
(b) for each n ∈N and every x ∈ Dn we have
inf
y∈Ln
max
0k<n
d
(
fk(y), fk(x)
)= 0; (3.7)
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d
(
fn(y), f0(y)
)
<
1
n
for every y ∈ {ljk : 1 k  n, 1 j  n}. (3.8)
We prove the existence of the above sequences of functions and sets by recurrence.
First step. Applying Lemma 2 to D := D1 and f0 we obtain a countable subset L1 = {l11, l12 , . . . , l1m, . . .} of D1
such that
inf
y∈L1
d
(
f0(y), f0(x)
)= 0 for every x ∈ D1.
Since f ∈ HZX , there is f1 ∈ H such that
d
(
f1
(
l11
)
, f0
(
l11
))
< 1.
Induction step. Assuming we have produced f1, f2, . . . , fn and L1,L2, . . . ,Ln satisfying (3.7) and (3.8) we use
Lemma 2 for D := Dn+1 and f0, f1, . . . , fn to obtain Ln+1 ⊂ Dn+1 satisfying
inf
y∈Ln+1
max
0k<n+1
d
(
fk(y), fk(x)
)= 0 for every x ∈ Dn+1.
Once again, since f ∈ HZX we can take a function fn+1 ∈ H satisfying
d
(
fn+1(y), f0(y)
)
<
1
n+ 1 for every y ∈
{
l
j
k : 1 k  n+ 1, 1 j  n+ 1
}
.
The constructed sequences f0, f1, . . . , fn, . . . and L1,L2, . . . ,Ln, . . . satisfy (a)–(c) above.
We shall prove now that (fn)n∈N has the property required in the thesis in the lemma: fix a cluster point g of (fn)n
in ZX and fix a point x ∈ X and let us prove that d(g(x), f (x)) ε. We note first that inequality (3.8) implies that
lim
n
fn(y) = f (y) for every y ∈ L =
⋃
n∈N
Ln. (3.9)
Now, we pick α = (a1, a2, . . .) ∈ Σ such that x ∈ Aα and define
P := ϕ−1({α|n: n ∈N})⊂N.
P is an infinite subset because ϕ is a bijection. Since the point x ∈⋂p∈P Dp , (3.7) applied to each p ∈ P allows us
to pick yp ∈ Lp with the property
d
(
fk(yp), fk(x)
)
<
1
p
for 0 k < p. (3.10)
Being P infinite we can and do fix p1 < p2 < · · · < pj < · · · ↗ +∞ a strictly increasing sequence in P . We claim
that the sequence (ypj )j is eventually in Cα|n for every n ∈ N. Indeed, for a given n ∈ N take pj(n) an element of the
sequence (pj )j , with pj(n) > ϕ−1(α|i), i = 1,2, . . . , n. Therefore, if j > j (n), then pj 
= ϕ−1(α|i) for i = 1,2, . . . , n
and consequently ϕ(pj ) = α|n(pj ) for some n(pj ) > n. The latter implies
ypj ∈ Dpj = Cα|n(pj ) ⊂ Cα|n for j > j (n),
proving that (ypj )j is eventually in each Cα|n.
Observe also that (3.10) implies that
lim
j
fk(ypj ) = fk(x) for k = 0,1,2, . . . . (3.11)
Since g(x) is a cluster point of (fn(x))n in the metric space (Z,d) we can choose a subsequence (fnk )k of (fn)n
such that limk fnk (x) = g(x). With all the above we have
lim
k
lim
j
fnk (ypj )
(3.11)= lim
k
fnk (x) = g(x),
lim limfnk (ypj )
(3.9)= limf (ypj ) (3.11)= f (x).j k j
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limits with (ypj )j , consequently
d
(
g(x), f (x)
)= d( lim
k
lim
j
fnk (ypj ), lim
j
lim
k
fnk (ypj )
)
 ε,
and the proof is over. 
Recall that a topological space X is said to be countably K-determined if there is a subspace Σ ⊂ NN and
an upper semi-continuous set-valued map T : Σ → 2X such that T (α) is compact for each α ∈ Σ and T (Σ) :=⋃{T (α): α ∈ Σ} = X. Here the set-valued map T is called upper semi-continuous if for each α ∈ Σ and for any
open subset U of X such that T (α) ⊂ U there exists a neighborhood V of α with T (V ) ⊂ U. A good reference for
countably K-determined spaces is [2] where they appear under the name Lindelöf Σ -spaces: notice that this class of
spaces does properly contain the classes of K-analytic and (so) the σ -compact spaces. The paper [14] is a milestone
when speaking about Banach spaces which are countably K-determined when endowed with their weak topologies.
Theorem 3.1. Let X be a countably K-determined space, (Z,d) be a separable metric space and H be a relatively
compact subset of the space (ZX, τp). Then, for any f ∈ HZX there exists a sequence (fn)n in H such that
sup
x∈X
d
(
g(x), f (x)
) (a)
 2 ck(H)+ 2dˆ(H,C(X,Z)) (b) 4 ck(H)
for any cluster point g of (fn)n in ZX .
Proof. We define ε := ck(H) + dˆ(H,C(X,Z)). Let T : Σ → 2X be the set-valued map giving the countably K-
determined structure to X and let us write Aα := T (α) for every α ∈ Σ . Then, the family {Aα: α ∈ Σ} covers X. We
start by proving the following:
Claim. For every α ∈ Σ the set H 2ε-interchanges limits with every sequence (xn)n in X that is eventually in each
set Cα|m, m ∈N.
To prove this we only have to use Lemma 1 after noticing that any such a sequence (xn)n lies in a compact subset
of X, namely
K := {xn: n ∈N} ∪ T (α).
That, such a K is compact, is a well-known fact about compact-valued upper-semicontinuous maps but we include a
short proof for the sake of completeness. Let {Ui : i ∈ I } be an open cover of K in X. Since T (α) is compact there
are finitely many Ui1,Ui2, . . . ,Uip such that T (α) ⊂ U =
⋃p
k=1 Uik . Now the upper-semicontinuity of T applies to
provide m ∈N with the property that
Cα|m =
⋃{
T (β): β ∈ Σ and β|m = α|m}⊂ U.
Since (xn)n is eventually in every set Cα|m, there is n(m) ∈ N such that xn ∈ U for all n > n(m). If we take
Uip+1, . . . ,Uip+n(m) from {Ui : i ∈ I } such that xk ∈ Uip+k for k = 1,2, . . . , n(m), then K ⊂
⋃p+n(m)
k=1 Uik and con-
sequently K is compact and the proof of the claim is over.
Once the claim is proved inequality (a) follows from Lemma 3. To finish we observe that given f ∈ H if we take
ϕ(n) := f , n ∈N, then clustZK (ϕ) = {f } and therefore we have that
dˆ
(
H,C(X,Z)
)
 ck(H), (3.12)
leading to inequality (b). 
Theorem 3.2. Let X be a countably K-determined space, (Z,d) be a separable metric space and H be a relatively
compact subset of the space (ZX, τp). Then
ck(H)
(a)
 dˆ
(
HZ
X
,C(X,Z)
) (b)
 3 ck(H)+ 2dˆ(H,C(X,Z)) (c) 5 ck(H).
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become trivial equalities. So we only take care of the case when ck(H) < +∞. Inequality (c) follows from (3.12). To
prove (b) we define ε like we did in Theorem 3.1 as ε := ck(H)+ dˆ(H,C(X,Z)). We fix α ∈R with
α > ck(H). (3.13)
Pick now any f ∈ HZX . Theorem 3.1 ensures the existence of a sequence (fn)n in H such that
sup
x∈X
d
(
g(x), f (x)
)
 2ε (3.14)
for any cluster point g of (fn) in ZX . Now inequality (3.13) ensures the existence of such a cluster point g with
d(g,C(X,Z)) < α that together with inequality (3.14) finishes the proof of (b). 
Observe that if H ⊂ C(X,Z), then dˆ(H,C(X,Z)) = 0 and consequently the constant 5 can be replaced by the
constant 3 in inequality (c) in the previous result. Observe also that Theorems 3.1 and 3.2 are self-contained and really
strengthen Theorem 2.3.
Remark 3.3. Note that if X and (Z,d) are as in Theorem 3.2 and H ⊂ C(X,Z) is relatively compact in ZX , then the
following conditions are equivalent:
(i) ck(H) = 0,
(ii) H is a relatively countably compact subset of C(X,Z),
(iii) H is a relatively compact subset of C(X,Z).
Whereas (ii) ⇒ (i) is obvious and (ii) ⇔ (iii) was known [12], the implication (i) ⇒ (ii) seems to require indeed the
inequalities in Theorem 3.2. 
A topological space T is said to be angelic if, whenever H is a relatively countably compact subset of T , its closure
H is compact and each element of H is a limit of a sequence in H . Our references for angelic spaces are [8] and [12].
Theorems 3.1 and 3.2 are the quantitative versions of the angelicity of spaces Cp(X,Z) established as the main result
in [12] that we obtain as a corollary below.
Corollary 3.4 (Orihuela). Let X be a countably K-determined space and (Z,d) be a metric space. Then Cp(X,Z) is
an angelic space.
Proof. A result by Fremlin states that Cp(X,Z) is angelic for any metric space if and only if Cp(X,R) is angelic
[8, Theorem 3.5]. We prove the latter. If we take H ⊂ C(X) a τp-relatively countably compact set in C(X), then
ck(H) = 0. This implies that the right-hand side of inequality (c) in Theorem 3.2 is zero and therefore we have
dˆ
(
HR
X
,C(X)
)= 0,
that says that HRX ⊂ C(X) and consequently HRX is compact in Cp(X). On the other hand, if we pick f ∈ HRX an
application of Theorem 3.1 produces a sequence (fn)n in H such that for any τp-cluster point g of (fn)n we have
sup
x∈X
d
(
g(x), f (x)
)= 0.
This means that the sequence (fn)n actually converges to f because it lies in the τp-compact set HR
X
and has f as
its unique τp-cluster point. 
We point out that our main results, Theorems 3.1 and 3.2, can be proved (same proofs and difficulty) in the more
general setting of spaces X being web-compact, quasi-Souslin, etc. as studied in [12]. Nonetheless we have preferred
to stick to countably K-determined spaces X because this case already carries all the main ideas, is powerful enough
for applications and this class of spaces X is already pretty interesting for both topologists and analysts.
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that we have presented in Theorem 3.2 can be proved.
A topological space T is said to be countably tight if, whenever S is a subset of T and t ∈ S, then for some
countable subset A of S, t ∈ A. Note that the simplest examples of spaces countably tight are the first countable
spaces (in particular metric spaces). There are spaces which are non-first countable but countably tight as for instance
Banach spaces endowed with their weak topologies, see [10, §24.1.6]. If K is a compact space such that Cp(K) is
Lindelöf, then K is countably tight: therefore Talagrand, Gulko and Corson compact spaces are countably tight [14].
Oscillations for real functions have been defined in Theorem 1.1. Similarly for f ∈ (Z,d)X the oscillation of f at
x ∈ X is defined by
osc(f, x) = inf
U
sup
y,z∈U
d
(
f (y), f (z)
)
where the infimum is taken over the neighborhoods U of x in X. The overall oscillation of f is given by osc(f ) =
supx∈X osc(f, x).
Proposition 3.5. Let X be a first countable space, (Z,d) be a metric space and H be a relatively compact subset
of (ZX, τp). Then
sup
f∈H
osc(f ) = sup
ϕ∈HN
inf
{
osc(f ): f ∈ clustZX(ϕ)
}
. (3.15)
For Z =R the equality (3.15) holds when X is countably tight.
Proof. Let α be the right-hand side of (3.15). Clearly
β := sup
f∈H
osc(f ) α.
If β = 0 we are done. Otherwise, the equality (3.15) will be established if we prove that each time β > ε > 0 we also
have α  ε. Pick f ∈ H such that osc(f ) > ε and then fix x0 ∈ X such that
osc(f, x0) > ε. (3.16)
Let U be a basis of neighborhoods for x0 ∈ X and let us distinguish the two cases stated in the statement of the
proposition.
A. X is a first countable space. We assume that U = {Un}n is countable to inductively use inequality (3.16) and
choose xn, yn ∈ Un such that d(f (xn), f (yn)) > ε, for every n ∈ N. Let us write D := {xn: n ∈ N} ∪ {yn: n ∈ N}.
Since D ⊂ X is countable and f ∈ H there exists a sequence ϕ ∈ HN such that limn ϕ(n)(x) = f (x) for every x ∈ D.
Therefore, if g is an arbitrary τp-cluster point of ϕ, then g|D = f |D and we have in particular that
d
(
g(xn), g(yn)
)
> ε for every n ∈N, (3.17)
and so osc(g, x0) ε. Since g is an arbitrary τp-cluster point of ϕ we have proved that
inf
{
osc(g): g ∈ clustZX(ϕ)
}
 ε
and therefore α  ε and the proof for this case is complete.
B. X is countably tight and Z =R. If we define
f1(x0) = inf
U∈U
sup
y∈U
f (y) and f2(x0) = sup
V∈U
inf
z∈V f (z),
then for every U,V ∈ U we have that
+∞ sup
y∈U
f (y) f1(x0) f (x0) f2(x0) inf
z∈V f (z)−∞. (3.18)
We prove now the claim:
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f (yU )− f (zV ) > ε. (3.19)
To prove the claim we distinguish three cases:
B1. The values f1(x0) and f2(x0) are real. In this case we clearly have
osc(f, x0) = f1(x0)− f2(x0) (3.16)> ε.
For some γ ∈R inequality (3.18) can be rephrased as
sup
y∈U
f (y)− ε
2
 f1(x0)− ε2 > γ > f2(x0)+
ε
2
 inf
z∈V f (z)+
ε
2
for each U,V ∈ U . Hence for every U,V ∈ U we can pick yU ∈ U and zV ∈ V such that
f (yU )− ε2 > γ > f (zV )+
ε
2
and the claim is proved.
B2. f1(x0) = +∞. In this case inequality (3.18) can be rewritten for each U,V ∈ U as
+∞ = sup
y∈U
f (y) > f (x0)+ 2ε > f (x0)+ ε > f2(x0) inf
z∈V f (z)−∞.
Hence we can choose yU ∈ U and take zV = x0 ∈ V to have
f (yU ) > f (x0)+ 2ε > f (x0)+ ε > f (zV )
and the claim is proved in this case.
B3. f1(x0) = −∞. It is similar to case B2.
Now we finish the proof of B. Observe that x0 ∈ {yU : U ∈ U} ∩ {zV : V ∈ U}. Since X is countably tight there are
countable sets B ⊂ {yU : U ∈ U} and C ⊂ {zV : V ∈ U} such that
x0 ∈ B ∩C. (3.20)
Now D := B ∪ C ⊂ X is countable and proceeding as we did in case A there exists a sequence ϕ ∈ HN such that
limn ϕ(n)(x) = f (x) for every x ∈ D. If g is any τp-cluster point of ϕ, then g|D = f |D . Given an arbitrary U ∈ U
we can use (3.20) and pick b ∈ B ∩U and c ∈ C ∩U . Note that f (b) = g(b) and f (c) = g(c) and therefore inequal-
ity (3.19) is read as
d
(
g(b), g(c)
)
> ε.
Thus osc(g, x0) ε and since g is an arbitrary τp-cluster point of ϕ the proof of this case concludes as we concluded
the proof of case A. 
Corollary 3.6. Let X be a metric space, E a Banach space and H a τp-relatively compact subset of EX . Then
ck(H) dˆ
(
HE
X
,C(X,E)
)
 2 ck(H). (3.21)
In the particular case when E =R the space X can be taken normal and countably tight and we have
dˆ
(
HR
X
,C(X)
)= ck(H). (3.22)
Proof. In [5, Lemma 2.7] it has been proved that if X is paracompact space, E is normed and f ∈ EX is bounded,
then
1
2
osc(f ) d
(
f,Cb(X,E)
)
 osc(f ).
Where Cb(X,E) stands for the family of bounded continuous functions from X to E: the reader can check that the
same proof of [5, Lemma 2.7] provides us with the estimates
1
osc(f ) d
(
f,C(X,E)
)
 osc(f )2
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hand, the equality (3.22) follows from Theorem 1.1 and the second part of Proposition 3.5. 
Note that without extra hypothesis of countable tightness for X we cannot expect to have the equality
dˆ(HR
X
,C(X)) = ck(H) as Example 2.4 shows.
At this point we should credit the PhD dissertation [13]: some ideas for the proof of Proposition 3.5 when Z = R
have been inspired by the reading of a result in [13] that is sharpened by our Corollary 3.6.
We would like to finish this paper noting that the reference [1] is a recent paper dealing with cluster points of an
arbitrary family of functions in the pointwise convergence topology.
References
[1] S. Argyros, P. Dodos, V. Kanellopoulos, Tree structures associated to a family of functions, J. Symbolic Logic 70 (3) (2005) 681–695.
MR MR2155261 (2006e:03065).
[2] A.V. Arkhangel’skiı˘, Topological Function Spaces, translated from Russian by R.A.M. Hoksbergen, Math. Appl. (Soviet Series), vol. 78,
Kluwer Academic Publishers Group, Dordrecht, 1992. MR 92i:54022.
[3] K. Astala, H.O. Tylli, Seminorms related to weak compactness and to Tauberian operators, Math. Proc. Cambridge Philos. Soc. 107 (2) (1990)
367–375. MR MR1027789 (91b:47016).
[4] Y. Benyamini, J. Lindenstrauss, Geometric Nonlinear Functional Analysis, vol. 1, Amer. Math. Soc. Colloq. Publ., vol. 48, Amer. Math. Soc.,
Providence, RI, 2000. MR 2001b:46001.
[5] B. Cascales, W. Marciszewsky, M. Raja, Distance to spaces of continuous functions, Topology Appl. 153 (13) (2006) 2303–2319.
MR MR2238732.
[6] R. Engelking, General Topology, translated from Polish, Monogr. Mat. (Math. Monogr.), vol. 60, PWN—Polish Scientific Publishers, Warsaw,
1977. MR 58 #18316b.
[7] M. Fabian, P. Hájek, V. Montesinos, V. Zizler, A quantitative version of Krein’s theorem, Rev. Mat. Iberoamericana 21 (1) (2005) 237–248.
MR MR2155020 (2006b:46011).
[8] K. Floret, Weakly Compact Sets, Lecture Notes in Math., vol. 801, Springer-Verlag, Berlin, 1980, lectures held at S.U.N.Y., Buffalo, in Spring
1978. MR 82b:46001.
[9] A. Grothendieck, Critères de compacité dans les espaces fonctionnels généraux, Amer. J. Math. 74 (1952) 168–186. MR 13,857e.
[10] G. Köthe, Topological Vector Spaces. I, translated from German by D.J.H. Garling, Grundlehren Math. Wiss., vol. 159, Springer-Verlag, New
York, 1969. MR 40 #1750.
[11] A. Kryczka, S. Prus, Measure of weak noncompactness under complex interpolation, Studia Math. 147 (1) (2001) 89–102. MR MR1853479
(2002h:46122).
[12] J. Orihuela, Pointwise compactness in spaces of continuous functions, J. London Math. Soc. (2) 36 (1) (1987) 143–152. MR 88f:46058.
[13] M. Sánchez, Compacidad, convexidad y distancias en espacios de Banach duales: Extensiones del Teorema de Krein–Smulian, PhD thesis,
Universidad Complutense de Madrid, 2007.
[14] M. Talagrand, Espaces de Banach faiblement K-analytiques, Ann. of Math. (2) 110 (3) (1979) 407–438. MR 81a:46021.
